‘the derivative. Explain
graph of the function.

verbally explain how to

s using calculus
(using the words:
, integral, solve, etc...)
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Question 1 “LD oM \D\ (‘%
[ f (minutes) [ o [ 49 [1s

=] "i)@ B
| #(e) (dozrees Fahrenheit) | 550 | 571 | 618 | 679 | 710 | @
VJ\
The temperature of water in a tub at time ( is modeled by a strictly inCreasing, twice-differentiable function ¥,
where W (1) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time 7 = 0, the temperature of
the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. \alues of W(r)nnl clected
times ¢ for the first 20 minutes are given in the table above, 0 \ "\"'\I
(a) Use the data in the table to estimate W(12). Show the computations that lead to your answer, Using correct
units, interpret the meaning of your answer in the context of this problem.

20 20
(b) Use the data in the table to evaluate jﬂ W*(¢) dt. Using correct units, interpret the meaning of jﬂ W) di

in the context of this problem.
(¢) For 0<r <20, the average temperature of the water in the wb is %J:UW(I) di. Usea left Riemann sum

e
with the four subintervals indicated by the data in the table to approximate % “'n W (1) dt. Does this
imati i or i the average of the water over these 20 minutes?

Explain your reasoning.
(d) For 20 <t < 25, the function W that models the water temperature has first derivative given by
W)= 0.4J;cos(0.061). Based on the model, what is the temperature of the water at time 1 = 25 7

(@ W2)

b._—' ‘ 1 : estimate

b 2: B " . :
=T017 (or 1.016) 1 : interpretation with units
The water is i ing af
LOI7°F per minute at time ¢ = 12 minutes.

® (’:nW’(,).n =lW( 20)— W(O! == 16 5 { 1 : value
The water has warmed by 16 °F over the interval from £=0 1o By intemencimwtibuting
£ =20 minutes.

| (20 K+ R R R
(© EL W(1) dt = 55(4:I(0) +5-W(4) + 6:W(9) + 5-W(15)) 1: left Riemann sum
1 3: 4 1: approximation
= %(4-55,0 +5:57.146:61.8+5. 67.9)2 |L 1+ underestirnate witli réason

1
=13 -
20 1215.8 = 60.79

This approximation is an underestimate, because a left Riemann
sum is used and the function W is strictly increasing.
(d) W{ZS):N.O#@W'U):& 2 l( 7?‘ s integral
2 w JC\)‘H«‘" - answer
20

)
ity

=71.0+2.043155 = 73.043
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Question 2

For £ 2 0, a particle is moving along a curve so that its position at time ¢ is (x(f), ¥()). Attime f =2, the
5T i % tipird
o5 :*’;1 and & = sin?, o

particle is at position (1, 5). It is known that =~ &

di

(a) Is the horizontal movement of the particle to the left or to the right at time + = 27 lain your answer.
Find the slope of the path of the particle at time 7 = 2.
(b) Find the x-coordinate of the particle’s position at time = 4.

(¢) Find the speed of the particle at time ¢ = 4. Find the acceleratior of the particle at time 1 = 4.

(d) Find the distance traveled by the particle fromtime 1 =2 to £ =4.

(a) %Ll = “i =, ‘;'}o& '?__ ‘ 1 : moving to the right with reason
3: 1:considers M
dxfdt
Because ‘jT: e 0, the particle is moving to the right l[ L:islopeatt=2
attime £ = 2.
| _
dxl,
4o
X dt= x(-x(3)
2
R o3 [ 1:integral
(b) x(4)=1 +Gz F di =1.253 (or 1.252) 2: { s
() Speed = J[¥(4))7 + (V(4))° = 0575 (or 0.574) N { 1+ speed
1 : acceleration
Acceleration = (x"(4), »"(4)) Q—M'H‘l 3-
= (~0.041,0.989)
@ Distance = [{¥(0)" + (vV(1)" ar 2 :{ : ;',','::Zl
=0.651 (or 0.650) o

© 2012 The College Board,
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Question 3

Let f be the continuous function defined on [-4, 3]
whose graph, consisting of three line segments and a
semicircle centered at the origin, is given above. Let g

be the function given by g(x) = i fe) dt.

N2
74 1)
() Find thevalucs of g(2) and g(-2). ‘J’: -Q{%)A{—
(b) For each of g'(~3) and g"(=3), Tr or
state that it does "m\-\lﬂlb@ ap arb?k a3

le 3,-1)
(¢) Find the x-coordinate of cach point at which the 3
graph of ¢ has a horizontal tangent line. For each Graph of f

of these points, determine whether ¢ has a relative mini relative i or neither a mini nor
a maximum at the point] Justify your answers.

(d) For -4 < x < 3, find all values of x for which the graph of ¢ has a point of inflection. Explain your

reasoning.
3,
@ @)= [ rwa=-30(3)=-% 5.0 182
e i ' i 1g(-2)
2= [T fwyd==[ sy d
= ;(2 ,E) -3
“\272]72 2
¢

® f0-10 = y=ry=2  qCD=A S EE

L= > D=L Y ( 5) | 11:g73)
(¢) The graph of g has a horizontal tangent line where [ 1: considers g'(x) =0

2’(x) = f(x) = 0. Thisoccursat x =1 and x = . 3:ilix=-landx=1

|[ 1 2 answers with justifications

2(x) changes sign from positive to negative at x = -1.

Therefore, g has a relative maximum at x = -1,

2'(x) does not change signat x = 1. Therefore, g has

neither a relative maximum nor a relative minimum at x = 1.
(d) The graph of g has a point of inflection at each of i 1 : answer

x=-2, x=0, and x = | because g""(x) = /"(x) changes " | 1 : explanation

sign at each of these values.

© 2012 The College Board
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Question 4

[« TrJuli2]a]a]
[re ] s [w0]e]n]us

The function [ is twice differentiable for ¥ > 0 with f(1) =15 and f"(1) = 20. Values of f”, the derivative of
/; are given for selected values of x in the table above.

(a) Write an equation for the line tangent to the graph of f at x = 1. Use this line to approximate f(1.4).

(b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to
approximate LH/'(.r) dx. Usc the approximation for LI 'tl“t.t) dx to estimate the valuc of f(1.4). Show
the computations that lead to your answer.

(¢

Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate /(1.4). Show the
computations that lead to your answer.

(d) Write the second-degree Taylor polynomial for f about x = |. Use the Taylor polynomial to approximate
S(14).

: tangent line
: approximation

@ SM=15 Sm=3 2

An equation for the tangent line is
y=1548(x-1).

S(14)=15+8(14-1)=182

® [ reac=02)010)+ (02)(13) = 46 [ 1 midpoint Riemann sum
3:{ | : Fundamental Theorem of Calculus

1dy= )+ [ L1 amswer

F(14) =15+ 46 =196
(© f(1.2)= £(1)+(02)(8) = 16.6 2. { 1 : Euler's method with two steps

"1 1 - answer

S(1.4) =16.6 +(0.2)(12) = 19.0

) T(x)=15+8(x—1)+ %(x =1 5 [ 1 : Taylor polynomial

=154+8(x - 1) +10(x —1)? + approximation

S(14) =15+ 8(1.4—1) +10(1.4 - 1)* =198

© 2012 The College Board
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Question 5

The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(z) is the weight of the
bird, in grams, at time ¢ days afier it is first weighed, then

@B _ g
-8 (100 - B).
Let y = B(1) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it

weighs 70 grams? Explain your reasoning. %

2 2 £
(b) Find d—f in terms of B. Use # to explain why the graph of B E
dr di- iR
cannot resemble the following graph. 2
(¢) Use separation of variables to find y = B(), the particular solution to w
the differential equation with initial condition B(0) = 20. b
Time (days)
I vy —
(@) & a=m75(60) 12 2:QI.usz:s 9
Il 1 : answer with reason
dB| 1
L] =1(30)=6
di| gozo 50
dB| ﬁl o i
Because ——| > - the bird is gaini
di| gean ~ di] gm0 s
weight faster when it weighs 40 grams.
o LB__LdB_ Llge g 1ig g [ 1: 28 iy emsorn
ar 54 55 25 20wt
Therefore, the graph of B is concave down for l[ 1 : explanation
20 < B < 100. A portion of the given graph is
concave up.
© % - ‘;(wo -B 1 separation of variables
r i 1 : antiderivatives
—F8=) 5% 5:{ 1:constant of integration
J100-5 5 e
~In|100 - B|= Lo ] 1 : uses initial condition
5 | 1:solves for B
Because 20 £ B < 100, [100— B|=100 - B,
~In(100 - 20) = l(ﬂ) +C = -In(80)=C Note: max 2/5 [1-1-0-0-0] if no constant of
S integration
100 - B = 807/
B(6)=100-80e"/5, (20 Note: 0/5 if no separation of variables
© 2012 The College Board
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Question 6

The function g has derivatives of all orders, and the Maclaurin series for g is
2 2041 3 5

g e B
Z;n")znu R T

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.

1. ! 5 s
luated at x = = isan series whose terms decrease in absolute

(b) The Maclaurin series for g 2

valué to 0. The approximation for g(%) using the fist two nonzero terms of this series is L= Show that

this approximation differs from g(;l) by less than %200

(¢) Write the first three nonzero terms and the general term of the Maclaurin series for g’(x).
2183 5 5
X 2n+3|_f2n+3 2 .
@ [y an '(2n+5 p i sets up ratio

: computes limit of ratio
+ identifies interior of

i (2043 5
..h_"w'n( 2:1 +5)7 5 i interval of convergence
1 : considers both endpoints
¥<l = -lcx<l | 1 : analysis and interval of convergence

The series converges when -1 < x < 1.

_ TN, N [ .
W'hcnxA—l,mcsencms-s-o-j—_,-wq-

This series converges by the Alternating Series Test.

¢ = IR TR L P S AP
thnA—l.theserlesls; 5+7 Chd

This series converges by the Alternating Series Test.

Therefore, the interval of convergence is =1 < x < L.

: uses the third term as an error bound

|

1 : error bound
. L. 3.5 8.4 0 (2n41) 29 1 : first three terms.
c X)=a=2x +x" bk (=l ( )x e 2:{
© gx)=7-% 7 il b 1 : general term
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Visit the Collega Board on the Web: www.collegeboard.org.






